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Abstract We have developed a quantum noise approach to study the phonon transport through
nanostructures. The nanostructures acting as phonon channels are attached to two phonon reservoirs.
And the temperature drop between the two reservoirs drives the phonon transport through the chan-
nels. We have derived a quantum Langevin equation(QLE) to describe the phonon transport with the
quantum noise originated from the thermal fluctuation of the reservoirs. Within the Markov approx-
imation, the QLE is used to get the thermal conductivity κ of the nanostructures and the finite size
effect of the κ then is studied. In this study, the advantage of the quantum noise approach lays on the
fact that no any local temperature needs to be defined for the nanostructures in its non-equilibrium
state.
Keywords quantum noise · phonon · quantum Langevin equation · thermal conductivity
PACS 44.10.+i · 66.70.-f · 65.80.-g · 63.20.-e · 63.22.-m.
1 Introduction
The development of nano technologies scales electronic devices down to mesoscopic size. Similar to
the electrons showing their peculiar behaviors in the nano-structured devices, thermal transport in
the structures has been confirmed to have finite size effects by theories and experiments [1,2,3,4,5,6,
7,8,9]. Especially, the thermal conductivity κ of the structures decreases with the decreasing of the
structure size. Nowadays, study of the finite size effects of the thermal transport has became an im-
portant issue and has a significant application in the development of nano technologies [6,7]. For these
nanostructures fabricated by dielectric or semiconductor materials, the thermal transport is through
lattice interaction rather than by electrons. Various methods have been proposed to study the finite
size effect of the thermal transport through the lattice interaction [10,11,12,13,14,15,16]. Especially, a
quantum Langevin equation (QLE) for the lattice vibration in the real space has been obtained, where
displacements and momenta of the lattices are used as operators in the equation [6]. In those real space
models, local temperatures have to be defined to describe the energy flow through the lattices. In order
to make the temperature definition acceptable in the non-equilibrium systems, the assumption of the
coarse-grain-equilibrium(CGE) has to be applied [6,7]. However, for structures with their scales down
to a few nanometers, the CGE is expected to be invalid. In order to remove the CGE assumption, we
converse the study of the thermal transport in the phonon space, and develop a version of the quantum
Langevin equation for the phonon transport by using the quantum noise approach. The creation and
annihilation operators of phonons are applied and the quantum noise is originated from the thermal
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2leads. In this paper, we will show the details of the development and then study the finite size effects
of the κ by using the equation.
Generally, the nanostructures studied for the thermal transport are simplified to be an one-dimensional
chain with oscillators distributed uniformly in order [6,7]. Two ends of the nanostructures are attached
to two thermal leads, which are set at two different temperatures respectively. The drop of temperature
between the two leads drives the thermal flow through the chain by the interactions between the oscil-
lators. In order to describe the energy of each oscillator for the thermal flow, local temperatures have
to be defined for the oscillators in such non-equilibrium system. It is well known that the temperature
actually is a thermodynamical concept for equilibrium systems. Thus, in various models which treat
the thermal transport in the real space, the system is assumed to consist of a large number of coarse
grains with each grain in its own thermodynamic equilibrium even though the total system is still kept
in the non-equilibrium state [6,7]. Such assumption is called as the coarse-grain-equilibrium (CGE),
which is invalid for the nanostructures due to the non-equilibrium nature of the coarse grains. However,
the CGE assumption can be removed if we convert the study of the thermal transport into the phonon
space.
Phonons have been well accepted as quasi-particles to describe the lattice vibrations in solids [17].
When the system is in equilibrium state, phonons are stimulated by the temperature and the Bose-
Einstein distribution can bridge the phonon density and the temperature. However, in the non-
equilibrium cases, it is wrong to define the phonon density at any particular space position due to
the fact that phonons are extension lattice waves in the whole system. Therefore, it is meaningless to
define the local temperatures in the non-equilibrium system when the phonon space is used for the
study of the thermal transport. And then the CGE assumption is removed naturally.
In this study, the two thermal leads are in their own equilibrium states and are considered as two
phonon reservoirs. The Hamiltonian of the nanostructures can be written in the terms of phonon.
The phonon modes of the nanostructures are discrete and determined by the structure size of the
system [18]. In this way, the finite size effect then is involved by the discrete phonon modes. By
coupling phonons of the system and phonons of the reservoirs, the temperature drop between the two
reservoirs drives the phonon transport through the nanostructures. The thermal fluctuation of the
reservoirs acts as quantum noise, which is used to derive the QLE. The QLE has been developed for
electron transport, but it is still lack for the phonon transport [19]. In this work, the phonon version
of the QLE is obtained.
2 Quantum Langevin Equation
2.1 Hamiltonian
The total Hamiltonian H of the full model consists of two parts H = H0 + HI . Here, H0 is the
Hamiltonian of the full model without the coupling between the reservoirs and the system. And HI is
the interaction Hamiltonian for the coupling in the model. The H0 and HI read
H0 =
∑
p
~ωLp a
+
p ap +
∑
k
~ωkb
+
k bk +
∑
q
~ωRq c
+
q cq,
HI = i~
∑
p,k
ξp,ka
+
p bk + i~
∑
q,k
ηq,kc
+
q bk − i~
∑
p,k
ξp,kb
+
k ap − i~
∑
q,k
ηq,kb
+
k cq.
(1)
On the right hand side of the H0, the first and the third terms are the Hamiltonians of the left and right
reservoirs respectively, which can be identified by the superscripts L or R of the phonon frequency
ω. The second term is the Hamiltonian of the system. The annihilation operators of phonons have
been denoted by a, b and c for the left reservoir, the system and the right reservoir, respectively. The
corresponding create operators are then denoted by a+, b+ and c+. The subscripts in the Hamiltonians
represent the phonon modes. On the right hand side of the HI , ξ is the damping parameter coupling
the left reservoir and the system, and ξp,k is for the coupling between the p
th phonon mode and the kth
3mode. η is the coupling between the right reservoir and the system, which has a similar notation of ξ.
It should be noted that the phonon modes of the system are selected by the finite size effect and take
the values of Λ = 2pilMD with M the oscillator number and D the lattice parameter of the system [18].
The l takes only the integers in the range from −M2 to
M
2 . The finite size effects on the κ then can be
realized through the number M . For the reservoirs, the sizes are regarded to be infinitely long and the
temperatures of the reservoirs are not influenced by the system during the phonon transport.
2.2 Equation of motion
By using the Heisenberg equation, we get the following equations of motion directly from the Hamil-
tonians in eq.(1)
a˙p = −iω
L
p ap +
∑
k
ξp,kbk,
b˙k = −iωkbk −
∑
p
ξp,kap −
∑
q
ηq,kcq
c˙q = −iω
R
q cq +
∑
k
ηq,kbk.
(2)
The dot on the top of the annihilation operators means the time derivative of the operators. The formal
solutions of ap and cq read
ap = e
−iωLp tap(0) +
∑
k
ξp,k
∫ t
0
dt′e−iω
L
p (t−t
′)bk(t
′),
cq = e
−iωRp tcq(0) +
∑
k
ηq,k
∫ t
0
dt′e−iω
R
q (t−t
′)bk(t
′).
(3)
Here, ap(0) and cq(0) are referred to as the operators at the instant when the coupling between the
system and the reservoirs was just switched on. Multiplying both sides of the equations in eq.(3) by
the damping parameters, we obtain
∑
p
ξp,kap =
∑
p
ξp,ke
−iωLp tap(0) +
∑
p,k′
ξp.kξp,k′
∫ t
0
dt′e−iω
L
p (t−t
′)bk′(t
′),
∑
q
ηq,kcq =
∑
q
ηq,ke
−iωRq tcq(0) +
∑
q,k′
ηq.kηq,k′
∫ t
0
dt′e−iω
R
q (t−t
′)bk′(t
′).
(4)
Substitute eq.(4) into the equation of b˙k in the eq(2) to get the equation of motion
b˙k = −iωkbk
−
∑
p
ξp,ke
−iωLp tap(0)−
∑
p,k′
ξp.kξp,k′
∫ t
0
dt′e−iω
L
p (t−t
′)bk′(t
′)
−
∑
q
ηq,ke
−iωRq tcq(0)−
∑
q,k′
ηq.kηq,k′
∫ t
0
dt′e−iω
R
q (t−t
′)bk′(t
′).
(5)
2.3 Markov approximation
For simplicity, we note
Lk = −
∑
p
ξp,ke
−iωLp tap(0); Rk = −
∑
q
ηq,ke
−iωRq tcq(0). (6)
4The Lk and Rk are the quantum noise induced by the left and right reservoirs respectively, and act
on the kth phonon mode of the system. The temperatures of the left and the right reservoirs are
denoted by TL and TR respectively. The Bose-Einstein distribution bridges the phonon densities and
the temperatures of the reservoirs by
< a+k (0)ak′ (0) >=
δk,k′
e~ω
L
k /kBT
L
− 1
, < ak(0)a
+
k′ (0) >=
δk,k′
1− e−~ω
L
k /kBT
L
,
< c+k (0)ck′ (0) >=
δk,k′
e~ω
R
k
/kBTR − 1
, < ck(0)c
+
k′(0) >=
δk,k′
1− e−~ω
R
k
/kBTR
.
(7)
For convenience, we use N¯(ωk, T ) to denote the distribution N¯(ωk, T ) =
1
e~ωk/kBT−1
in the following
derivation. The correlation of the Lk then reads
< L+k (t)Lk′ (t
′) >=
∑
p
ξp,kξp,k′e
−i(ωLp t
′
−ωLp t)N¯(ωLp , T
L). (8)
Since the phonon frequencies of the reservoirs are continuous, the sum of the frequencies in eq.(8) can
be transformed in integral, reading
< L+k (t)Lk′ (t
′) >=
∫
dωLp
dD(ωLp )
dωLp
ξp,kξp,k′e
−i(ωLp t
′
−ωLp t)N¯(ωLp , T
L). (9)
The factor of
dD(ωLp )
dωLp
in the above equation is the density of state of phonons. Now we suggest the
Markov Approximation by
dD(ωLp )
dωLp
ξp,kξp,k′ =
ωLp γ
L
k,k′
2pi
. (10)
Here, γLk,k′ is the coupling strength between the k
th and the k′th phonon modes of the nanostructures.
Physically, the γLk,k′ is realized through the coupling of the system and the left reservoir by ξp,kand
ξp,k′ . Substituting the eq.(10) into the eq.(9), we get the correlation of L as
< L+k (t)Lk′ (t
′) >=
∫
dωLp
ωLp γ
L
k,k′
2pi
e−i(ω
L
p t
′
−ωLp t)N¯(ωLp , T
L) = γLk,k′fL(t− t
′), (11)
with
fL(t− t
′) =
∫
dωLp
ωLp
2pi
e−i(ω
L
p t
′
−ωLp t)N¯(ωLp , T
L). (12)
In the above treatment, the Gardiner’s consideration must be borrowed that the γL should drop off at
high frequencies, even though it is treated as a constant in the following calculation [20]. For simplicity,
a cut-off frequency ωc is introduced to show the drop-off behavior. Then N¯(ω
L
p , T
L) can be expanded
as N¯(ωLp , T
L) ≈ kBT
L
~ωLp
under the condition that the temperature TL is high enough with ~ωc << kBT
L
satisfied. And then the fL(t−t
′) recovers f(t−t′) = (kBT
L/~)δ(t−t′) to give a well behaved correlation
function of < L+k (t)Lk′ (t
′) >. Similarly, we treat the right reservoir like what we have done to the left
reservoir, obtaining the correlation
< R+k (t)Rk′ (t
′) >=
∫
dωRq
ωRq γ
R
k,k′
2pi
e−i(ω
R
q t
′
−ωRq t)N¯(ωRq , T
R) = γRk,k′fR(t− t
′). (13)
with the Markov approximation of
dD(ωRq )
dωRq
ηq,kηq,k′ =
ωRq γ
R
k,k′
2pi
, (14)
and
fR(t− t
′) =
∫
dωRq
ωRq
2pi
e−i(ω
R
q t
′
−ωRq t)N¯(ωRq , T
R). (15)
52.4 Damping terms
With the Markov approximation suggested, we simplify the damping terms in the equation of motion
of eq.(5). The simplification is performed term by term, shown as follows
T 1 =
∑
p,k′
ξp,kξp,k′
∫ t
0
dt′e−iω
L
p (t−t
′)bk′(t
′)
=
∑
k′
γLk,k′
i
∫ t
0
dt′bk′(t
′)
d
dt′
δ(t− t′) =
∑
k′
iγLk,k′ b˙k′(t),
(16)
and
T 2 =
∑
q,k′
ηq.kηq,k′
∫ t
0
dt′e−iω
R
q (t−t
′)bk′(t
′) =
∑
k′
iγRk,k′ b˙k′(t). (17)
Substituting the damping terms T1 and T2 into the eq.(5) results in the following simplified equation
of
b˙k = −iωkbk + Lk +Rk + i
∑
k′
Γk,k′ b˙k′ , (18)
with Γk,k′ = γ
L
k,k′ + γ
R
k,k′ .
2.5 Quantum Langevin equation
Define the vectors b = [. . . bk . . . ]
Tran, L = [. . .Lk . . . ]
Tran, and R = [. . .Rk . . . ]
Tran with Tran
meaning the transpose of the vectors, and define the following matrices
Ak,k′ = δk,k′ − iΓk,k′ , Ωk,k′ = ωkδk,k′ . (19)
Then the set of equations of eq(18) with all the wave-vectors k can be casted in matrix form as
Ab˙ = −iΩb+ L+R. (20)
Multiplying the inverse of the matrix A on both sides of the eq.(20), we get
b˙ = −iA−1Ωb+A−1L+A−1R. (21)
It is easy to find a matrix U to diagonalize the coefficient matrix of A−1Ω, leading to a diagonalized
matrix Ξ = U−1A−1ΩU . For further derivation, we define the following matrices
B = U−1b, L = U−1L, R = U−1R, Λ = U−1A−1U. (22)
Note that U for the diagonal is not required to be unitary since the coefficient matrix A−1Ω is a
complex Matrix. Then we get the QLE from the eq.(21) in the matrix form as
B˙ = −iΞB + ΛL+ ΛR. (23)
In element, it is
B˙k = −iΞkBk +
∑
k′
Λk,k′Lk′ +
∑
k′
Λk,k′Rk′ . (24)
The formal solution of the Bk reads
Bk = e
−iΞktBk(0) +
∑
k′
Λk,k′
∫ t
0
dt′e−iΞk(t−t
′)(Lk′ (t
′) + Rk′ (t
′)). (25)
It is very interesting to find that the thermal transport of nanostructures is not realized by every
independent mode of phonons, but by their collective modes. The collective modes of the phonons are
originated from the coupling between the system and the reservoirs, which now are represented by the
Bk instead of bk. The last two terms on the right hand side of the eq.(25) act as the quantum noise
applied on the quasi-particles Bk. In the following section, we will use the phonon version of QLE
eq.(23) to study the thermal transport of the nanostructures, and the thermal conductivity κ will be
obtained.
63 Thermal transport
3.1 Thermal current
We set TR > TL to drive the thermal current from right to left. The total thermal current can be
defined as the rate of energy of the right reservoir by
I =
∑
q
d(~ωRq c
+
q cq)
dt
=
∑
q
~ωRq (c˙
+
q cq + c
+
q c˙q). (26)
By using the equation of motion of cq in eq.(2) and the Markov approximations of eq.(10) and eq.(14),
we simplify the thermal current eq.(26) to be
I =
∑
q,k
~ωRq ηq,k(e
−iωRp tb+k cq(0) + e
iωRp tc+q (0)bk)−
∑
k,k′
~γRk,k′ [b
+
k (t)b¨k′(t) + b¨
+
k′(t)bk(t)], (27)
with b¨ representing the second time derivative of b. The b¨ is originated from the Fourier transformation
of an integrand having a factor of ω2. We can transform the thermal current in terms of Bk, showing
I = −i~B+F0R˙− ~B
+ΥRB¨ +H.C. (28)
with the H.C. meaning the Hermitian Conjugate of the terms. Here we have defined the matrices of
F0 = U
+U, ΥR = U+γRU for convenience. Since the U is not necessarily unitary, the F0 could be
non-unit matrix. According to the QLE of eq.(23), taking the second time derivative of B leads to
B¨ = −ΞΞB − iΞΛL− iΞΛR+ ΛL˙+ ΛR˙. (29)
By substituting the expression of B¨ into the equation of eq.(28), we get the explicit expression of the
total thermal current as the following
I = ~B+F1B + i~B
+F2L+ i~B
+F2R− ~B
+F3L˙− ~B
+(F3 + iF0)R˙+H.C. (30)
with the notations of
F1 = Υ
RΞΞ, F2 = Υ
RΞΛ, F3 = Υ
RΛ. (31)
By substituting the eq.(25) the formal solution of B into the eq.(30), and then making the statistical
average, we know that the total thermal current actually is determined by the statistical correlations
of < L+L >, and < R+R >. The two reservoirs are regarded to be independent to each other with
zero correlations of < L+R >= 0. In the total current stimulated by the right reservoir, only the
terms of < L+L > determine the exact thermal current J flowing from the right reservoir to the left
one [11]. Thus, we can separate the J from the total thermal current I by J = J1 + J2 + J3 +H.C.,
with J1 = ~B
+F1B, J2 = i~B
+F2L, and J3 = −~B
+F3L˙. By using the formal solution eq.(25), the
Markov approximations of eq.(10) and eq.(14), and the basic statistical correlations of eq.(11) and
eq.(13), we can reach the expression of J . In order to show the expression of J much clearly, we define
the following matrices GL1 , G
L
2 and G
L
3 for the left reservoir with the elements of the matrices as
(GL1 )k,k1 = (F1)k,k1
∫
dωω ·
1
ω − Ξ∗k
·
1
ω − Ξk1
N¯(ω, TL),
(GL2 )k,k1 = (F2)k,k1
∫
dωω
1
ω − Ξ∗k
N¯(ω, TL),
(GL3 )k,k1 = (F3)k,k1
∫
dωωω
1
ω − Ξ∗k
N¯(ω, TL).
(32)
Here, Ξ∗k is the conjugate of the Ξk. Similarly, we define the matrices of G
R
1 , G
R
2 and G
R
3 for the right
reservoir by replacing the N¯(ω, TL) with N¯(ω, TR) in the integrals. Then the J of the system in steady
state is obtained as
Js =
~
2pi
tr[WU−1γ(U−1)+Λ+] +H.C. (33)
with W = (GR1 −G
L
1 )Λ+(G
R
2 −G
L
2 )+(G
R
3 −G
L
3 ). And tr means the trace of the matrix. The damping
parameters γL and γR are assumed to be equal to each other and both have been written as γ. It can
be found that the Js equals zero when T
R = TL.
73.2 Small temperature drop
We denote the temperature drop between the two reservoirs by TR − TL = ∆T . For the case with
small temperature drop of ∆T → 0, we can approximate the term N¯(ω, TR)− N¯(ω, TL) by
N¯(ω, TR)− N¯(ω, TL) =
~ωe~ω/kBT∆T
kBT 2(e~ω/kBT − 1)2
(34)
with T = (TL + TR)/2. Then the Js can be expanded to be linear to ∆T , which reads
Js =
~
2∆T
2pikBT 2
tr[QU−1γ(U−1)+Λ+] +H.C. (35)
with Q = G1Λ +G2 +G3. The matrix Q actually is reduced from the matrix W under the condition
of ∆T → 0, with the following definitions of the matrices
(G1)k,k1 = (F1)k,k1
∫
dωω ·
1
ω − Ξ∗k
·
1
ω − Ξk1
ωe~ω/kBT
(e~ω/kBT − 1)2
,
(G2)k,k1 = (F2)k,k1
∫
dωω
1
ω − Ξ∗k
ωe~ω/kBT
(e~ω/kBT − 1)2
,
(G3)k,k1 = (F3)k,k1
∫
dωωω
1
ω − Ξ∗k
ωe~ω/kBT
(e~ω/kBT − 1)2
.
(36)
3.3 Thermal conductivity
The thermal conductivity κ can be defined by the classical Fourier law
Js = −κ
∆T
MD
. (37)
The minus on the right hand side means the Js has an opposite direction of the temperature drop ∆T .
In the case of ∆T → 0, κ has a simple expression
κ =
~
2MD
2pikBT 2
tr[QU−1γ(U−1)+Λ+] +H.C.. (38)
We call this case as the linear case in the following calculation. And for the case with large ∆T in
which the eq.(34) is not satisfied, the κ has no analytical solution like that in eq.(38). And then the κ
is functional of both of TR and TL instead of ∆T only. Such case will be claimed as nonlinear case in
the following calculation.
4 Results and discussions
In this study, the dispersion relation of the system takes the form of ω = ω0| sin(kD/2)| with ω0 =
4×1012Hz andD = 1nm for simplicity. As mentioned, the wave vectors take the values of Λ = 2pilMD with
l the integers in the range from −M/2 to M/2. We set a reference temperature T0 =
~ω0
kB
= 30.553K
and κ0 =
~ω2
0
D
2piT0
= 8.7 × 10−21W ·mK for dimensionless normalization. Note that the unit of κ0 in our
model is for the one dimensional system, not for the bulk case. The coupling parameter γ between
the system and the reservoirs takes a constant value of C. To understand the results obtained in
the following calculation, one has to focus on the influence of four parameters on the κ. The four
parameters are the oscillator number M in the chain, the temperature drop ∆T , the temperature of
either reservoir TL or TR, finally the coupling parameter C.
8100 200 300 400 500 600 700 800
0
2000
4000
6000
8000
 
 
/
M
 C=0.01
 C=0.1
T/T0=10
(a)
0 10 20 30 40
0
200
400
600
800
1000
1200
 
 
/
0
T/T0
 C=0.01
 C=0.1
(b)
M=100
Fig. 1: linear case for κ with a small temperature drop ∆T between the two reservoirs. The κ0 and
T0 have been defined for dimensionless normalization. (a) the κ is linearly dependent on the oscillator
number M of the chain and shows the finite size effect.(b) The κ increases with the increasing of T
and reaches a constant value for high T .
4.1 linear case
In this case, the temperature drop is small and the eq.(34) is valid with ∆T → 0. The κ then can be
calculated from eq.(38), and shows the finite size effect of the κ in fig.1a. In the figure, κ decreases with
the decreasing of M , which is due to fewer phonon channels provided by smaller size of the system
for the thermal transport. Such finite size effect of κ has been confirmed by the experiments [8,9].
However, it is not expected that the κ will be infinite for an infinitely-increased chain. This is because
the disorder of the oscillator chain, as well as the nonlinear interaction between the oscillators, are not
considered in our model for simplicity, since we only focus on the thermal transport in nanostructures
instead of bulk materials. For the bulk case, the disorder and the nonlinearity will enhance the phonon
scatting and lead to a finite and saturate κ [18]. The relation between the κ and M can be fitted
by κ ∼ Mα to get the exponent α = 1, which is coincident to the reported result for the harmonic
oscillator chain [12]. The influence of the coupling parameter C on the κ has also been studied, and
shown in the figure that κ decreases with the C decreasing. For the limit case of C = 0, the thermal
transport is switched off.
The influence of the C on the κ is much more clear in the fig.1b. Larger C means stronger coupling
between the system and the reservoirs, contributing more phonons to the thermal transport and a larger
κ. The T dependent behaviors of κ have also been revealed by the fig.1b. Lower T stimulates fewer
phonon channels for the thermal transport with a smaller κ. With the T increasing, the κ increases due
to more and more phonons taking part in the thermal transport. It is known that the function e~ω/kBT
can be expanded as 1 + ~ω/kBT if ~ω/kBT << 1 is satisfied for large T . Under such condition, the
right hand side of the eq.(34) is reduced to be T independent. That means the κ reaches a constant
with T increasing, which has been clearly shown in the fig.1b. It should be noted here that for too high
temperature T , the chain may be melted and the κ may decrease after a peak. However, such problem
is not in the scope of this study.
4.2 nonlinear case
When the eq.(34) is invalid for large ∆T , the κ has to be calculated numerically by using the eq.(33).
Results are shown in fig.2. As revealed in fig.2a, the κ increases with the increasing of ∆T . For a
larger ∆T , the averaged temperature T of the system is larger when the TL is fixed. The larger T then
produces more phonon channels for the transport and get a larger κ. For the system with TL fixed,
if the ∆T is large enough that the N¯(ω, TR) ≈ kBT
R
~ω is satisfied, the Js linearly dependents on the
∆T and κ then goes to a constant value and is less dependent on ∆T , which has been shown in the
9fig.2a and fig.2b. The dependence of κ on M is similar to the results discussed in the linear case. That
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Fig. 2: nonlinear case for κ. The κ0 and T0 have been defined for dimensionless normalization.(a) the
κ increases with the increasing of ∆T with various M . (b) the κ shows larger values than those in (a)
with a larger C. (c) the κ increases with the increasing of TL with various ∆T .(d) the κ is increased
with a large C compared to the results in (c).
is, system with a larger M has more phonon channels to get a larger κ. And strong coupling between
the system and the reservoirs can enhance the κ by comparing the results in fig.2a and those in fig.2b
with two different values of C.
For a fixed ∆T , the increasing of TL then enhance the averaged temperature T of the system to
get a large κ, which have been shown in the fig.2c and fig.2d. A larger ∆T then leads to a larger κ by
increasing the average temperature T to simulate more phonon channels. But all the κ with various
∆T go to a same constant if TL is high enough that N¯(ω, T ) ≈ kBT
~ω is satisfied. Similar to the fig.2a
and fig.2b, the comparison between fig.2c and fig.2d shows that a larger C results in a larger κ by
strengthening the coupling between the system and the reservoirs.
5 Conclusions
We have studied the thermal transport through nanostructures by using the quantum noise theory.
The quantum noises are originated from the thermal fluctuation of the reservoirs, with each reservoir
in its own thermal equilibrium. A phonon version of quantum Langevin equation has been derived.
We apply this QLE to solve the thermal conductivity of the nanostructures. The advantage of this
method lays on the fact that we need not to define local temperatures for the system, which actually
is in non-equilibrium state.
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Results show that κ of the system is dependent on the phonon channels provided by the system. The
oscillator number N and the average temperature T determine the amount of the phonon channels. The
phonon transport is also limited by the coupling parameter C between the system and the reservoirs.
Larger C makes the phonon transport much easier.
References
1. M. Siemens, Q. Li, R. Yang, K. A. Nelson, E. Anderson, M. Murnane, & H. Kapteyn, Quasi-ballistic thermal
transport from nanoscale interfaces observed using ultrafast coherent soft X-ray beams, Nat. Mater. 9, 26
(2010).
2. Y. K. Koh, & D. G. Cahill, Frequency dependence of the thermal conductivity of semiconductor alloys,
Phys. Rev. B 76, 075207 (2007).
3. M. Highland, B. C. Gundrum, Y. K. Koh, R. S. Averback, D. G. Cahill, V. C. Elarde, J. J. Coleman, D. A.
Walko, & E. C. Landahl, Ballistic-phonon heat conduction at the nanoscale as revealed by time-resolved
x-ray diffraction and time-domain thermoreflectance, Phys. Rev. B 76, 075337 (2007).
4. E. Pop, Energy Dissipation and Transport in Nanoscale Devices, Nano Res. 3, 147 (2010).
5. D. P. Sellan, J. E. Turney, A. J. H. McGaughey, & C. H. Amon, Cross-plane phonon transport in thin
films, J. Appl. Phys. 108, 113524 (2010).
6. A. Dhar, Heat transport in low-dimensional systems, Adv. Phys. 57,457 (2008).
7. S. Lepri, R. Livi, A. Politi, Thermal conduction in classical low-dimensional lattices, Phys. Rep. 377, 1
(2003).
8. C. W. Chang, D. Okawa, H. Garcia, A. Majumdar,& A. Zettl, Breakdown of Fouriers Law in Nanotube
Thermal Conductors, Phys. Rev. Lett. 101, 075903 (2008).
9. J. A. Johson, A. A. Maznev, J. cuffe, J. K. Eliason, A. J. Minnich, T. Kehoe, C. M. S. Torres, G. Chen,
& K. A. Nelson, Direct Measurement of Room-Temperature Nondiffusive Thermal Transport Over Micron
Distances in a Silicon Membrane, Phys. Rev. Lett. 110, 025901 (2013).
10. G. Gallavotti, & E. G. D. Cohen, Dynamical ensembles in stationary states, J. Stat. Phys. 80, 931 (1995).
11. A. Dhar, D. Roy, Heat Transport in Harmonic Lattices, J. Stat. Phys. 125, 801 (2006).
12. Z. Rieder, J. L. Lebowitz, & E. Lieb, Properties of a Harmonic Crystal in a Stationary Nonequilibrium
State, J. Math. Phys. 8, 1073 (1967).
13. H. Matsuda, & K. Ishii, Localization of Normal Modes and Energy Transport in the Disordered Harmonic
Chain, Prog. Theor. Phys. Suppl. 45, 56(1970).
14. S. Lepri, R. Livi, & A. Politi, Heat Conduction in Chains of Nonlinear Oscillators, Phys. Rev. lett. 78,
1896 (1997).
15. O. Narayan, & S. Ramaswamy, Anomalous Heat Conduction in One-Dimensional Momentum-Conserving
Systems, Phys. Rev. Lett. 89, 200601 (2002).
16. S. Lepri, Relaxation of classical many-body Hamiltonians in one dimension, Phy. Rev. E 58, 7165 (1998).
17. J. M. Ziman, Electrons and Phonons, page 1, (Clarendon Press, Oxford, 1960).
18. Li Wan, Finite Size Effects of Thermal Conductivity for One-Dimensional Mesoscopic Systems,
http://arxiv.org/abs/1506.04402v3.
19. Nan Zhao, Jia-Lin Zhu, R-B Liu and C P Sun, Quantum noise theory for quantum transport through
nanostructures, New J. Phys. 13, 013005 (2011).
20. C. W. Gardiner, P. Zoller, Quantum Noise, page 59, (Springer, Berlin, 2000).
